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Abstract. In this paper, we prove that each automorphism of 
a surface braid group is induced by a homeomorphism of the un- 
derlying surface, provided that this surface is a closed, connected, 
orientable surface of genus at least 2, and the number of strings is 
at least three. This result generalizes previous results for classical 
braid groups, mapping class groups, and Torelli groups. 

1. Introduction 

Let S be a compact orientable surface. The Teichmiiller modular 
group Mods of S, also known as the mapping class group of S, is 
the group of isotopy classes of orientation-preserving diffeomorphisms 
S — > S. The pure modular group PMods is the subgroup of Modn 
consisting of isotopy classes of orientation-preserving diffeomorphisms 
S — > S which preserve each component of the boundary OS of S. The 
extended modular group Mod * (S) of S is the group of isotopy classes 
of all (including orientation-reversing) diffeomorphisms S — ► S. 

Let n be a positive integer. Let R be the surface obtained from S 
by removing n distinct points from S. Note that there is a natural 
homomorphism \x : PMod^ — > PMods corresponding to extending 
homeomorphisms F : R — > R to homeomorphisms F : S — > S. We 
denote the kernel of \i as Modji(S) and its intersection with PModn 
as PMod R {S). 

Let denote the space of n-tuples (xx,...,x n ) of distinct points 
of S. Note that the symmetric group S n acts on by permuting 
coordinates. We recall that the n-string braid group B n (S) of S is the 
fundamental group of the quotient of by this action of S n QI3J). 
Likewise, the pure n-string braid group PB n (S) of S is defined to be 
the fundamental group of S™. 
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Suppose S has negative euler characteristic. Then the groups MocIr(S) 
and PMod R (S) are naturally isomorphic to B n (S) and PB n (S). The 
natural isomorphism from PB n (S) to PMocIr(S) arises from the con- 
necting homomorphism in the homotopy long exact sequence of the fi- 
b-ration : Diff(S) — > Sm] defined by the rule ev(f) = (f(xi),....,f(x n )), 
where (xi,...,x n ) is the chosen base point for the fundamental group 
PB n (S) of S^. The proof that the connecting homomorphism is in- 
jective uses the contractibility of the identity component of Diff(S) 
([EE]). 

Hence, when S has negative euler characteristic, we shall refer to 
Modn(S) and PModn(S) as the n-string braid group on S and the pure 
n-string braid group on S. If S has nonnegative euler characteristic, 
then Modn(S) and PModn(S) are still closely related to the n-string 
braid group and the pure n-string braid group on S. For instance, if 
S is a sphere and n > 3, then Mod^(S) is naturally isomorphic to 
the quotient of the n-string braid group B n (S) by its center, ZB n (S), 
which is cyclic of order two jB] . 

This paper concerns automorphisms of Modfj(S) and PModn(S). 
The two main results of this paper generalize previous results for auto- 
morphisms of classical braid groups, mapping class groups, and Torelli 

groups (inn], jm, in, m, ws\)- 

Theorem 1 . Let S be a closed connected orientable surface of pos- 
itive genus. Let n be an integer greater than 2. Let R be a sur- 
face obtained from S by removing n distinct points from S . Let \ '■ 
PModn(S) — > PModji(S) be an automorphism of the pure braid group 
PModn(S). Then there exists a homeomorphism K : R — >• R of 
R such that \ '■ PModn(S) — > PModn(S) is equal to the automor- 
phism : PModn^S) — > PModn(S) which is defined by the rule 
K*([H]) = [K o H o K^ 1 ] for each mapping class [H] in PModft(S). 

Theorem 2 . Let S be a closed connected orientable surface of genus 
greater than 1. Let n be an integer greater than 2. Let R be a sur- 
face obtained from S by removing n distinct points from S. Let \ '■ 
Modn(S) — > Modn(S) be an automorphism of the braid group Modn(S). 
Then there exists a homeomorphism F : R — > R of R such that x '■ 
Modft(S) — > Mod^(S) is equal to the automorphism : Modn(S) — > 
Modii(S) which is defined by the rule F*([H]) = [F o H o F~ x ] for each 
mapping class [H] in Modn(S). 

The authors plan to consider the case of surfaces with boundary in 
a future paper. 

Theorems 1 and 2 hold for almost all n for all closed connected ori- 
entable surfaces S regardless of the assumption on positivity of genus. 
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The situations not covered by the arguments used in this paper to prove 
Theorems 1 and 2 can be handled by rather straightforward arguments 
from known results. 

Suppose, for instance, that either (i) the genus of S is equal to and 
n < 2 or (ii) the genus of S is arbitary and n = or (ii) the genus of 
S is equal to 1 and n = 1. Then, the braid group Mod R (S) and the 
pure braid group PMod R (S) are both trivial. Hence, Theorems 1 and 
2 hold, for rather trivial reasons, when either (i), (ii), or (iii) hold. 

Suppose that the genus of S is equal to and n = 2. Then Mod R (S) 
is a cyclic group of order 2 and PMod R (S) is trivial. Hence, every 
automorphism of Mod R (S) and PMod R (S) is trivial. Hence, again, 
Theorems 1 and 2 hold, for rather trivial reasons, in this situation. 

Suppose that the genus of S is equal to and n — 3. Then Mod R (S) 
is isomorphic to the symmetric group S3 and PMod R (S) is trivial. 
Hence, it is easy to see that Theorems 1 and 2 also hold in this situation. 

Suppose that the genus of S is equal to 0. Then Mod s is trivial and 
hence, Mod R (S) = Mod R . It follows that Mod R (S) and PMod R (S) 
are both subgroups of finite index in Mod R . Hence, by Theorem 3 of 
jKj, Theorems 1 and 2 hold for all integers n > 5. 

Suppose that the genus of S is at least 2 and n = 1. Then PMod R (S) = 
Mod R (S) and Mod R (S) is naturally isomorphic to the fundamental 
group 7Ti(S,x), where x is the unique puncture of R on S. It is a 
well-known result that automorphisms of fundamental groups of closed 
surfaces are induced by homeomorphisms (cf. jZVCj . Theorem 3.3.11). 
Hence, Theorems 1 and 2 also hold, when the genus of S is at least 2 
and n = 1. 

Hence, the only possible exceptions to Theorem 1, for closed con- 
nected orientable surfaces S, are when either (i) the genus of S is equal 
to and n = 4 or (ii) the genus of S is positive and n = 2. Likewise, the 
only possible exceptions to Theorem 2, for closed connected orientable 
surfaces S, are when either (i) the genus of S is equal to and n — 4, 
(ii) the genus of S is positive and n = 2, or (iii) the genus of S is equal 
to 1 and n > 3. 

Theorem 2 follows by a fairly elementary argument from Theorem 
1 using Ivanov's result that PMod R (S) is a characteristic subgroup of 
Mod R (S) ([IS]). This argument is given in Section IT31 

The bulk of the paper is devoted to proving Theorem 1. As with 
the previous results mentioned above, the technique for proving this 
result is to characterize algebraically certain natural elements inside 
PMod R (S). In the case of the foundational result for the mapping 
class group Mods of [H], these elements were the Dehn twists in Mods- 
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In the case of Farb's result for the Torelli group Tors of closed sur- 
faces of genus greater than 3 (|Fj) and the generalization of this re- 
sult by McCarthy- Vautaw to closed surfaces of genus greater than 2 
( |M Vj ) . these elements were the Dehn twists about separating circles 
and bounding pair maps in Tors- 

In the present paper, the elements in question are those which we re- 
fer to as 2-string twist braids and 1 -string bounding pair braids. These 
elements constitute two of the three types of basic braids in PMod^(S) 
algebraically characterized by the property that the center of their cen- 
tralizers in PMod R (S) have rank equal to one, k-string twist braids, 
k-string bounding pair braids, and basic single-pA braids. We character- 
ize algebraically each of these three types of basic braids. In addition, 
we characterize algebraically the number of strings k in twist braids 
and bounding pair braids. 

Of particular interest to us, are the 1-string bounding pair braids ob- 
tained by "dragging" a chosen puncture x of R on S about an embedded 
loop on S that avoids the remaining punctures of R on S. These par- 
ticular bounding pair braids generate a normal subgroup of PModn(S) 
which we identify naturally with the fundamental group 7r 1 (i?U {x}, x) 
of R U {x} based at x. We show that an arbitrary automorphism of 
PModn(S) maps ni(RU {x}, x) isomorphically to 7Ti(_RU {y} for some 
puncture y of R on S. By pulling back a given automorphism by an 
automorphism induced by a homeomorphism R — > R, we are able to 
assume that y = x. In this way, we reduce the problem to studying 
automorphisms of PMod^{S) which restrict to automorphisms of the 
surface group 7Ti(R U {x}, x). 

It is a well-known fact that an automorphism of ~K\{R U {x},x) is 
induced by a homeomorphism (R U {x}, x) — > (R U {x}, x) if and only 
if it preserves the peripheral structure of iti(R U {x},x). We show 
that this peripheral structure cooresponds to the 2-string twist braids 
on R which have one of their two strings based at x. From this we 
deduce that automorphisms of iti(R U {x},x) which are induced, via 
pull-back by homeomorphisms and restriction, from automorphisms of 
PMod R (S) preserve the peripheral structure of tti(RU {x},x) and, 
hence, are induced by homeomorphisms (R U {x}, x) — > (R U {x}, x). 

This allows us to reduce the problem to studying automorphisms 
of PMod R (S) which are the identity on the surface subgroup n 1 (R U 
{x},x). We show that any such automorphism of PModpt(S) is the 
identity automorphism. This proves Theorem 2. 

Here is an outline of the paper. In Section we review the basic 
notions and results related to mapping class groups and surface braid 
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groups. We assume that the reader is familiar with the fundamentals 
of Thurston's theory of surfaces (cf. |FLPj ) 

In Sectional we prove that elements of PMod^S) are pure in the 
sense defined by Ivanov jl2j . In Section HI we use the results of Section 
01 to develop an explicit formula for the rank of the center of the cen- 
tralizer of an element of PMod R (S) in terms of its Thurston normal 
forms. 

In Section |3J we use the rank formula of Section 0] to determine 
which braids are basic braids, pure braids which have rank one centers 
of centralizers. In Section |UJ we give an algebraic characterization of 
bounding pair braids, thereby distinguishing them algebraically from 
the other two types of basic braids, twist braids and basic single-pA 
braids. In Section[?l we algebraically distinguish twist braids from basic 
single-pA braids. In Section|Hl we algebraically characterize the number 
of strings in a twist braid. In Section El we algebraically characterize 
the number of strings in a bounding pair braid. 

In Section we algebraically characterize the situation when two 1- 
string bounding pair braids are based at the same puncture of R on S. 
In Section HH we use the results of Section [TO] to prove that automor- 
phisms of PMod R (S) preserve the surface subgroups tti(RU {x},x). 
In Section ^1 we prove that the resulting induced automorphisms of 
the surface subgroups 7Ti(_RU {x},x) preserve the peripheral structure 
and are, hence, geometric (i.e induced by a homeomorphism R — > R). 

In Section we assemble the results of the previous sections to 
prove the main results of this paper, Theorems 1 and 2. 



2. Preliminaries 

Let C(R) denote the complex of curves of R. Let a be a vertex 
of C(R). We say that a is S-essential if each representative circle 
C of a is essential on S, as well as on R. Otherwise, we say that 
a is ^-inessential. Note that a is S'-inessential if and only if each 
representative circle C of a bounds a disc D with k punctures where 
2 < k < n. Note, furthermore, that the integer k does not depend 
upon the representative circle C of a. 

Let / be a twist about an essential circle C on R. Note that / is a 
nontrivial element of PMocIr. Moreover, / is an element of the pure 
braid group, PModn(S), if and only if C is not essential on S. If C 
bounds a fc-punctured disc D on S (i.e. an embedded disc D on S with 
its boundary contained in R and with exactly k punctures of R in its 
interior) and pi, 1 < i < k, are the k punctures of R in the disc D, then 
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we say that / is a k-string twist braid supported on the k-punctured disc 
D with strings based at p i; 1 < i < k. 

Suppose that C and D are disjoint, non-isotopic, essential circles on 
R which are also essential on S. Let / be the product t c ot~^ of opposite 
twists about C and D. Note that / is a nontrivial element of PMod^- 
Moreover, / is an element of the pure braid group, PModf>(S), if and 
only if C and D are isotopic on S. If C and D co-bound a /c-punctured 
annulus A on S (i.e. an embedded annulus A on S with its boundary 
contained in R and with exactly k punctures of R in its interior) and 
Pi, 1 < i < k, are the k punctures of R in the annulus A, , then we say 
that / is a k-string bounding pair braid supported on the k-punctured 
annulus A with strings based at pi, 1 < i < k. 

Suppose that k — 1. Let x be the unique puncture of R which is 
contained in the annulus A. Equip A and its boundary C U D with 
the orientation induced from the orientation of the surface S. Up to 
isotopy, there exists a unique loop c in the interior of A based at x such 
that c is isotopic to the oriented circle C on S. Note that, if n = 1, 
the 1-string bounding pair braid t c ° t^ 1 supported on the annulus A 
is the spin of x about c in the sense of |B|. We shall say that tc ° t^ 1 is 
the 1-string bounding pair braid on R corresponding to the embedded 
loop c in R U {x} based at x. 

3. Pure braids are pure 

In this section, we prove that pure surface braids are pure in the 
sense defined by Ivanov, |I2] . 

Theorem 3.1. Let f be an element of the pure braid group PMod^{S). 
Let C be a system of circles on R representing the essential reduction 
system C of f . Let C be the union of all components of C which are 
essential on S. There exists a homeomorphism F : R — > R such that: 

(i) F fixes pointwise each element of C , 

(ii) F maps each component of the complement of C on R to itself, 

(iii) the restriction of F to each component of the complement of C 
on R is either pseudo-Anosov or isotopic to the identity. 

and if F : S —> S is the extension of F to S , then: 

(iv) there exists an isotopy on S , preserving each component of C , 
from the identity map of S to F. 

4. RANKS OF CENTERS OF CENTRALIZERS OF PURE BRAIDS 

Let / be an element of the pure braid group PModn(S). 
Let a C C(R) be the essential reduction system of /. 
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Let a* be the set of S'-essential elements of a (i.e. a* = o fl C*(R)). 
For each element a of a*, let [a] be the set of all elements of a* which 
are S'-equivalent to a. Then there exist a nonnegative integer k and 
a subset ai\l < j < k of a* such that a* is the disjoint union of [<x,], 
f < j < k. Note that a* is empty if and only if k = 0. 

Let p be the number of components of the reduction of / along 
a. Let i be the number of S'-inessential elements of o. For each integer 
j such that 1 < j < k, let ej denote the number of elements of [cxj]. 

Proposition 4.1. The rank fi of the center of the centralizer of f is 
equal to p + i + ^i<j<k(ej — 1)- 

Proof. This result is an application of Theorem 13.11 □ 

5. BASIC BRAIDS 

Let / be an element of the pure braid group PModn(S). We say 
that / is a basic braid if the rank \x of the center of the centralizer of 
/ in PModn(S) is equal to 1. In this section, we shall give a detailed 
description of basic braids. 

Let / be an element of the mapping class group Mod^ of R. 

We say that / is a single-pA mapping class if (i) the reduction of / 
along its essential reduction system a has exactly one pA component 
C and (ii) the essential reduction system a of / corresponds to the 
boundary of this component C (i.e. a is equal to the set of isotopy 
classes of boundary components of C which are essential on R). 

Proposition 5.1. Let f be an element of the braid group PModn(S) 
such that the center of the centralizer of f in PModn(S) is infinite 
cyclic. Then one of the following holds: 

(i) f is a single-pA mapping class supported on a subsurface T of R 
such that each boundary component ofT is essential on S and no two 
boundary components ofT are isotopic on S. 

(ii) f is a k-string bounding pair braid for some integer k with 1 < 
k < n. 

(Hi) f is a k-string twist braid for some integer k with 2 < k < n. 

Hence, the basic braids are precisely the braids described in (z), (ii) 
and (Hi) of Proposition 15.11 We shall refer to the braids described in 
(i) as basic single-pA braids. We shall refer to the braids described in 

(i) as basic S"-bounding pair braids. Note that the braids described in 

(ii) are, according to the terminology of jBj, spins. We shall refer to 
the braids described in (Hi) as basic twist braids. 
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Remark 5.2. If f is a power of the product of opposite twists on two 
disjoint, non-isotopic circles in R which co-bound a once-punctured an- 
nulus in R, and one of these circles is inessential in S, then both of 
these circles will be inessential in S, and the center of the central- 
izer of f in PModn(S) will be the free abelian subgroup of rank 2 in 
PModn(S) freely generated by the twists about these two circles. 

6. BOUNDING PAIR BRAIDS 

In this section, we shall distinguish basic bounding pair braids al- 
gebraically from basic single-pA braids and basic twist braids when R 
has at least 2 punctures. 

Proposition 6.1. Let n > 2. Let f be an element of the pure braid 
group PModft(S) such that the center of the centralizer of f in PModn(S) 
is infinite cyclic. Then the following are equivalent: 

(a) f is a bounding pair braid 

(b) There exists a basic braid g in PModn(S) such that f and g gen- 
erate a free abelian group of rank 2 in PModn{S) and fg is a basic 
braid. 

Remark 6.2. Proposition 16. il holds for all closed surfaces S and any 
number of punctures n. 

Remark 6.3. Proposition \b'. II is vacuously true when the genus of S is 
zero. After all, there are no bounding pair braids on surfaces of genus 
zero. Indeed, there are no essential simple closed curves on a closed 
surface of genus zero. Moreover, if the genus of S is zero, then there 
are no pairs of basic braids as in clause (b) of Proposition 16'. il 

7. TWIST BRAIDS 

In this section, we shall distinguish twist braids algebraically from 
basic single-pA braids when R has at least 2 punctures. 

This will require the following algebraic concept. Let A and B be 
elements of a group G. Let H be the subgroup of G generated by A and 
B. We say that A adheres to B in G if A commutes with D, whenever 
D is an element of the centralizer of some nontrivial element C of H. 

Using this algebraic concept of adherence, we can distinguish twist 
braids algebraically from basic single-pA braids as follows: 

Proposition 7.1. Let f be an element of the pure braid group PModn(S) . 
Suppose that the center of the centralizer of f in PModn(S) is infinite 
cyclic. Suppose that f is not a bounding pair braid. Then the following 
are equivalent: 
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(a) f is a twist braid (i.e. f is not a single-pA braid). 

(b) There exists an element g in PMod R {S) such that f and g generate 
a free abelian group of rank 2 in PMod R (S) and f adheres to g in 
PMod R (S). 

Remark 7.2. Since the property expressed in part (b) of Proposition 
\7.1\ is an algebraic property, we can use this property to distinguish 
twist braids algebraically from basic single-pA braids. 

8. COUNTING STRINGS IN TWIST BRAIDS 

In the previous sections, we algebraically distinguished the three 
types of basic braids occurring in Proposition l5.1| basic single-pA braids, 
bounding pair braids, and twist braids. In this section, we shall show 
how to algebraically detect the number of strings in a twist braid. 

First, we show how to algebraically detect 2-string twist braids. 

Proposition 8.1. Let f be an element of the pure braid group PMod R {S). 
Suppose that f is a k-string twist braid for some integer k with 2 < 
k < n. Then the following are equivalent: 

(a) k = 2 

(b) There exist basic bounding pair braids gj, 1 < j < n — 2 such that 
f and gj, 1 < j < n — 2 generate a free abelian group of rank n — 1 in 
PMod R (S). 

Now, we may algebraically detect fc-string twist braids inductively 
as follows. 

Proposition 8.2. Let f be an element of the pure braid group PMod R {S). 
Suppose that k is an integer such that 3 < k < n. Suppose that f is a 
twist braid. Then the following are equivalent: 

(a) f is a k-string twist braid. 

(b) f is not an l-string twist braid for any integer I less than k and 
there exists bounding pair braids, gj , I < j < n — k such that f and 
9j, 1 < j < n — k generate a free abelian group of rank n + 1 — k in 
PMod R {S). 

9. COUNTING STRINGS IN BOUNDING PAIR BRAIDS 

In the previous section, we showed how to algebraically detect the 
number of strings in a twist braid. In this section, we shall use this to 
algebraically detect the number of strings in a bounding pair braid. 

Throughout this section, we shall use the following notation. Let / 
be a fc-string bounding pair braid. Let C and D be a pair of circles on 
R associated to /. By definition, / is the product of opposite twists 
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about C and D and C and D bound an annulus A on S such that A 
contains exactly k punctures of R. 

Note that the complement of A in S has one or two components, 
depending upon whether C and D are both nonseparating or both sep- 
arating circles on S. By the definition of a bounding pair braid, neither 
C nor D bounds a disc. Hence, each component of the complement of 
A in S has positive genus. 

We say that a component K of the complement of C U D in S is 
adequately punctured if it contains at least two punctures of R. We 
begin with showing how to algebraically detect adequately punctured 
components of the complement of C U D in S. To do this, we consider 
the collection A(/) of twist braids a such that a commutes with /. 
Note that this collection corresponds to the collection of isotopy classes 
of essential circles A on R which are disjoint from both C and D and 
bound discs on S which contain at least two punctures of R. 

Remark 9.1. Note that A(/) is nonempty unless either (i) n = 2 and 
the complement of C U D in S has exactly two components each with 
exactly one puncture or (ii) n = 3 and the complement of C U D in 
S has exactly three components each with exactly one puncture. In all 
other situations, at least one of the components of the comlement of 
C U D in S is adequately punctured and, hence, supports a twist braid 
a commuting with f . 

Proposition 9.2. Let f be a k-string bounding pair braid. Let C and 
D be a pair of circles on R associated to f . Let a and (3 be elements 
of A(/). Let A and B be circles on R associated to a and f3 such 
that A and B are both disjoint from C and D. Then the following are 
equivalent: 

(a) There exists an element 7 in A(/) such that a and (5 do not com- 
mute with 7. 

(b) A and B are contained in the same component of the complement 
of CUD in S. 

It follows that the relation ~ on A(/) defined by part (a) of Propo- 
sition iniH is an equivalence relation on A(/). 

Proposition 9.3. Let ~ be the relation on A(/) defined by the rule 
a ~ /3 if and only if there exists an element 7 in A(/) such that a and 
(3 do not commute with 7. Then ~ is an equivalence relation on A(/). 

Moreover, by Proposition 19.21 it follows that the adequately punc- 
tured components of the complement of C U D in S are in natural 
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one-to-one correspondence with the equivalence classes of the equiva- 
lence relation ~ on A(/). 

Proposition 9.4. There exists a well-defined bijection (3 : A(/)/ 
no(S \ A) such that f3(a) is equal to the component K of S \ A if and 
only if K contains a circle A which is associated to a and is disjoint 
from C and D. 

Corollary 9.5. The number of adequately punctured components of 
the complement of C U D in S is equal to the number of equivalence 
classes of the equivalence relation ~ on A(/). 

Next, we show how to algebraically detect the number of punctures 
in an adequately punctured component K of the complement of C U D 
in S. 

Proposition 9.6. Let K be an adequately punctured component of the 
complement of C U D in S. The number of punctures of R contained 
in K is equal to the maximum number of strings of a twist braid in 
X-\K). 

Next, we show how to algebraically detect an adequately punctured 
component of positive genus. 

Proposition 9.7. Let K be a k-punctured component of the comple- 
ment of CUD in S where 2 < k < n. Then the following are equivalent: 

(a) The genus of K is positive. 

(b) For each k-twist a supported in K and each (k — 1) -twist f3 supported 
in A such that a and f3 commute, there exists an element g in the pure 
braid group PModn(S) such that (i) g commutes with f and (5 and (ii) 
f adheres to g. 

Note that the above results, taken together, algebraically character- 
ize the number of strings in a bounding pair braid. 

10. DETECTING PUNCTURES 

In this section, we show how to algebraically detect punctures. 

Let i be a puncture of R. Let N(x) denote the collection of all 
1-string bounding pair braids / corresponding to embedded loops c in 
R U {x} based at x. 

Proposition 10.1. Let x and y be punctures of R. Let f be an ele- 
ment of J\f(x) . Let g be an element of Af(y) . Then the following are 
equivalent: 
(a) x = y 
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(b) There exists a sequence fa, 1 < i < N, of 1- string bounding pair 
braids fa such that (i) fx — f, (ii) /jv = g, and (Hi) for each integer i 
with 1 < % < N there exists an (n — 1)- string twist braid ti such that fa 
and fi + i both commute with ti. 

11. PRESERVATION OF SURFACE SUBGROUPS 

In this section, we shall show that any automorphism of the pure 
braid group PModf>(S) induces an isomorphism between certain nat- 
ural normal subgroups of PModn(S) which are naturally isomorphic 
to fundamental groups of surfaces. 

Let x be a puncture of R on S. Note that there is a natural ho- 
momorphism /i : PMod^ — > PModnu{x} corresponding to extending 
homeomorphisms F : R — > R which "fix" each puncture of R on S 
to homeomorphisms F : RU {x} — > R U {x}. Following the nota- 
tion PModn(S) introduced above, we shall denote the kernel of fi 
as PMod R (R U {x}). Note that PMod R (R U {x}) is a subgroup of 
PModn(S). Since PMod^R U {x}) is a normal subgroup of PMod R , 
it is also a normal subgroup of the subgroup PModn(S) of PModR in 
which it is contained. 

Recall that there is a natural homomorphism 7] : 7i"i(i? U {x},x) — ► 
PMod R (S) which sends the element [c] of tti(RU {x} corresponding to 
any embedded loop c in RU{x} based at x to the corresponding 1-string 
bounding pair braid t c ° t~^ on R, where C U D is the boundary of a 
closed annular neighborhood A of c on S such that C U D is contained 
in R and x is the unique puncture of R in the interior of A. This 
homomorphism arises from the long exact homotopy sequence of the 
evaluation map ev x : Dif f(R U {x}) — > R U {x} defined by the rule 
ev x (F) = F(x). rj is injective provided RU {x} has positive genus (cf. 
Theorems 1.4, 4.2, and 4.3 of 0). 

Proposition 11.1. Let x be a puncture of R. The natural monomor- 
phism i] : tti(R U {x},x) — > PModn(S) maps 7ii(R U {x},x) isomor- 
phically onto PModn(RU {x}). 

Using the natural monomorphism r) : tti(R U {x}, x) — > PModn(S), 
we shall identify tti(RU{x}, x) with its image under rj. This identifica- 
tion identifies the natural action of homeomorphisms G : (RU{x}, x) — > 
(i? U {x}, x) of the pointed space (i? U {x}, x) on 7Ti(i? U {x}, x) with 
the natural action of their restrictions G : R — > R on PMoci^(i?U{x}). 

Proposition 11.2. Lei G : (RU {x},x) — > (R U {x},x) 5e a home- 
omorphism of the pointed space (R U {x},x). Let G : R ^ R be the 
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restriction of G to R. Let G* : PModn(S) — *> PMooIr(S) be the auto- 
morphism of PModn(S) defined by the rule G*([H]) = [G o H o 
for each mapping class [H] in PMod R (S) . Then G*(r)(a)) = r}(G*(a)) 
for each element a in 7Ti(i?U {x},x). 

The following proposition demonstrates the significance of the sur- 
face subgroups iti(R U {x}, x) for our purposes. 

Proposition 11.3. Let x be a puncture of R on S. Letip : PMod R (S) - 
PModft(S) be an automorphism of PModn(S) . If (p fixes each element 
of the subgroup 7Ti(i?U {x}, x) of PModn(S) , then (ft is the identity au- 
tomorphism of PModf>(S) . 

Proof. Let / be an element of PMod R {S). Let h = f' l (f){f). Note 
that h is an element of PModn(S). Hence, h is equal to the mapping 
class [H] of some orientation preserving homeomorphism H : R — > R 
of R. We shall show that H is isotopic to the identity. 

Let C be an essential circle on R. Choose a closed annulus A on 
S such that the boundary of A is contained in R, C is one of the 
two boundary components of A, and x is the unique puncture of R 
on S contained in the interior of A. Let c be an embedded loop in 
the interior of A based at x such that c is isotopic to C. By the 
previous observations, the element [c] of tti(R U {x},x) represented by 
c corresponds to the 1-string bounding pair braid t c ° t^ 1 on R where 
D is the boundary component of A distinct from C. 

Let g denote tc t^. Since g is an element of %i(RU{x}, x), <p(g) = g. 

Let / be an element of PMod^S). Since tt\{R U {x}, x) is a normal 
subgroup of PModn(S) and g is an element of 7ii(RU{x}, x), it follows 
that fgf" 1 is also an element of tti(R U {x},x). Hence, (frifgf^ 1 ) = 
fgf~ l - On the other hand, since is a homomorphism on PModn{S), 
<P(fgr l ) = Hence, fgf- 1 = (PtfMgMfr 1 = 

<f>(f)g<f>(f)- 1 - 

Since g = tc ° t^ and H : R — > R, it follows that hgh 1 = [H] o 
tc o tp 1 o [H]^ 1 = tu{C) ° t]f, D y Since hgh' 1 = g, this implies that 
£ff(C) ° ^h\d) = tc ° t~o ■ It follows, by standard arguments, that H(C) 
is isotopic to C, and H(D) is isotopic to D. 

This proves that H preserves the isotopy class of every essential circle 
C on S. It follows by Lemma 5.1 and Theorem 5.3 of |LVlj . that H is 
isotopic to the identity. In other words, the mapping class h of H is 
the trivial element id of PModn{S). Thus, = id and, hence, 

o(.n /• 

We have shown that <f){f) = f for each element / of PModfi(S). 
Hence, is the identity automorphism of PMod R (S). □ 
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Motivated by Proposition we now turn to an investigation of 
the restriction of an arbitrary automorphism of PMod R (S) to a surface 
subgroup 7Ti(i2U {x},x) of PMod R (S). 

Proposition 11.4. Let \ : PMod R (S) — > PMod R (S) be an automor- 
phism of the pure braid group PMod R (S) . Let x be a puncture of R 
on S. There exists a unique puncture y of R on S such that \ maps 
iri(Ru{x},x) to 7Ti(i*U{y},2/). 

Proposition 11.5. Let x '■ PMod R (S) — > PMod R (S) be an auto- 
morphism of the pure braid group PMod R (S) . Let x be a puncture of 
R on S . Let y be the unique puncture of R on S such that \ maps 
~K\{R U {x},x) to ni(R U {y},y). Then the restriction yj : tti(RU 
{x},x) — > 7Ti(i?U {y},y) is an isomorphism. 

Proof. Let r : PMod R {S) -> PMod R (S) be the inverse of x ■ PMod R (S) 
PMod R (S). Let z be the unique puncture of R on S such that r maps 
7ri(i?U {y}, y) to ni(RU {z}, z). Note that the composition roy maps 
iri(R U {x},x) into iri(R U {z},z). On the other hand, this compo- 
sition is the identity map of PMod R (S). Hence, ni(R U {x},x) is a 
subgroup of ni(R U {z}, z) (i.e. the image of tt\{R U {x}, x) under the 
natural monomorphism i] x : tti(R U {x},x) —* PMod R (S) is a sub- 
group of the image of it\{R U {z}, z) under the natural monomorphism 
Vz : n 1 (RU{z},z)^PMod R (S). ' 

In particular, every 1-string bounding pair braid / with strings based 
at x is an element of tti(RU{z}, z). Since iii(RU{z}, z) C PMod R (S) is 
the kernel of the natural homomorphism ext z : PMod R (S) — > PMod Ru i z y 
this implies that ext z (f) is the trivial element of PMod R[J { z }(S). 

Suppose that z is not equal to x. Then, clearly, ext z (f) is a 1-string 
bounding pair braid on R U {z} with string based at x on R U {z}. 
Hence, ext z (f) is not the trivial element of PMod RU { z y(S). This is a 
contradiction. Hence, z — x. 

Since z = x, t maps iri(RL){y},y) to Tii(RU {x} , x) . Clearly, since x 
and r are inverse homomorphisms, the restrictions x\ '■ vri(i?U{x}, x) — > 
7Ti(i? U and r| : 7Ti(i2 U — > 7Ti(i2 U are inverse 

homomorphisms. In particular, x\ '■ 7Ti(i?U {x},a;) — >■ 7Ti(i2U is 
an isomorphism. □ 

Proposition 11.6. Let x '■ PMod R (S) — > PMod R (S) be an auto- 
morphism of the pure braid group PMod R (S) . Let x be a puncture 
of R on S . Let y be the unique puncture of R on S such that x 
maps tti(R U {x},x) to it\{R U {y},y). Let F : R — > R be the re- 
striction of a homeomorphism F : (R U {y},y) — > (R U {x},x) of 
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pointed spaces. Let : PMod R (S) — > PMod R (S) be the automor- 
phism of PMod R (S) defined by the rule F*([H]) = [FoHoF -1 ] for evey 
mapping class [H] in PMod R (S). Let 9 : PMod R {S) -> PMod R (S) 
be the composition F* o % : PMod R (S) — > PMod R (S) . Then 9 is 
an automorphism of PMod R (S) and 9 restricts to an automorphism 
9\ : ni(RU{x},x) -> 7Ti(i?U ofiii(RU {x},x). 

Proof. Clearly, F* : PMod R (S) — > PMod R (S) restricts to an isomor- 
phism, F*| : 7Ti(i?U — > 7Ti(i?U {?/},?/). Since x : PMod R (S) — ► 
PMod R (S) also restricts to an isomorphism, x| : 7Ti(i2 U — > 
7Ti(i2U{i/}, ?/), the composition 6* : PMod R (S) — > PMod R (S) of and 
X restricts to an automorphism, 6*| : 7Ti(i2U {x},x) — > 7Ti(i2U 
of 7Ti(.RU □ 

12. PRESERVATION OF PERIPHERAL STRUCTURES 

In this section, we shall prove that the restrictions of automorphisms 
of the pure braid group, PMod R (S), to surface subgroups, as in Propo- 
sition [TT31 respect the peripheral structure of these subgroups. 

Let x be an automorphism of PMod R (S). As in Proposition 111.61 
we may choose a homeomorphism F : R — > R of R such that the com- 
position 9 of F* and \ restricts to an automorphism 9\ of iii(RU{x}, x). 
Speaking more precisely about what we shall do in this section, we shall 
prove that the restriction 9\ : 7ri(i?U {x},x) — > tti(RU {x},x) respects 
the peripheral structure of iri(RU {x}, x). This is the precise condition 
for ensuring that this restriction of 9 is induced by a homeomorphism 
of R sending x to x. As we shall see later, this is enough to ensure that 
9 is induced by a homeomorphism of R. From this, it will easily follow 
that x is induced by a homeomorphism of R. 

Due to the naturality of the monomorphism rj : 7Ti(R U {x},x) — ► 
PMod R (S), the desired result concerning the restriction 9\ can be 
achieved by appealing to a classical result about automorphisms of 
fundamental groups of punctured surfaces. Namely, an automorphism 
(ft of tti(R U {x}, x) is induced by ahomeomorphism G : (R U {x}, x) — > 
(R U {x},x) if and only if <ft preserves the peripheral structure of 
7T(i2 U {x},x). Our task, therefore, will be to show that the restric- 
tion 9\ preserves the peripheral structure of ir^RU {x},x). Hence, 
we need to understand the peripheral structure of 7i"i(i? U {x},x) and 
its relationship to the natural identification of iti(R U {x},x) with a 
subgroup of PMod R (S) via the natural monomorphism rj. 

Let Xi, 1 < i < n, be the n punctures of R. Choose n disjoint embed- 
ded discs, Di, 1 < i < n, on S such that Xi lies in the interior Ui of Di 
in S. Let Tj denote the compact subsurface of S obtained by deleting 
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the interiors Uj of each of the discs Dj with 1 < j < n and j ^ i. 
Note that X{ G T-i C R U {x{\ and (Tj,Xj) is a deformation retract of 
(RU{xi},Xi). In particular, the inclusion i : {T^xA — > (RU{xi},Xi) in- 
duces an isomorphism : 7i 1 (T i ,x i ) — > 7r 1 (i?U of fundamental 
groups. Recall that, by definition, the peripheral structure of 7r(Tj,Xj) 
is the set Pi of 2{n — 1) conjugacy classes in 7Ti(Tj, xi) corresponding 
to the oriented boundary components of Tj. We shall refer to the cor- 
responding subset z*(Pj) of 7Ti(RU [xi] the peripheral structure 
of 7ii(R U {xi},Xi) and denote this subset as V%. 

Proposition 12.1. The image of the peripheral structure V% of ix\(RU 
{xi},Xi) under the natural monomorphism rj : itx{R U {xi},Xi) — > 
PModft(S) is equal to the set of all 2-string twist braids f such that 
there exists an integer j with 1 < j < n and j ^ i such that f has 
strings based at Xi and Xj . 

Proof. Let q be an embedded loop in R U [xi] based at X{ such that c 
bounds an embedded disc E in S with exactly one puncture Xj of R in 
its interior. Let A be a closed annular neighborhood of c in S such that 
the boundary of A is contained in R and Xi is the unique puncture of 
R contained in the interior of A. Note that the boundary of A consists 
of two components, C and D, where D bounds an embedded disc F 
contained in the interior of E, such that Xj is the unique puncture of 
R in the interior of F, and C bounds an embedded disc G such that 
Xi and the unique punctures of R contained in the interior of G. 

Note that G = AU F and A fl F = D. For simplicity, we may assume 
that the embedded loop c is oriented so that c is isotopic to the oriented 
circle C, where C is given the boundary orientation induced from the 
annulus A on the oriented surface S. By the previous description of 
rj, rj([c)) is equal to the spin, t c o t^ 1 of Xi about c. Since D bounds a 
once punctured disc F on 5, ^ is the trivial element of PModji(S). 
Hence, rj([c]) = to- Since C bounds the twice-punctured disc G on S 
and Xi and Xj are the unique punctures of R in G, it follows that rj([c]) 
is the 2-string twist braid to with strings based at Xi and Xj. □ 

Suppose that x = X{. We shall denote V% as V[x). 

Proposition 12.2. The restriction 9\ : tti(RU{x}, x) — > 7Ci(RU{x}, x) 
maps the peripheral subgroup V(x) of iti(R U {x},x) to V(x). 

Proof. Let / be an element of V(x). By Proposition 112 .1} / is a 2- 
string twist braid with strings based at x and u, for some puncture 
u of R on S with u ^ x. By Propositions 15.11 16.11 17.11 and 18.11 the 
image of / under 9 is a 2-string twist braid. On the other hand, 9(f) 
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is an element of iri(R U {x},x). It follows, by an argument similar to 
the argument used in the proof of Proposition 111.51 that the strings of 
9(f) are based at x and v, for some puncture v of R on S with v ^ x. 
Hence, by Proposition 112. it 9(f) is an element of V(x). 

This proves that 9\ : 7r 1 (i?U {x}, x) — > n 1 (RU{x},x) maps V(x) into 
V(x). Likewise, the restriction 9~ x \ : ni(RU {x},x) — > 7Ti(i2U {x},x) 
maps into "P(x). 

Since 9~ l \ : n 1 (RU — > iri(R U is the inverse of 0| : 

7Ti(.RU — >■ 7r 1 (_RU {x},x), the result follows. □ 

Proposition 12.3. There exists a homeomorphism G : (RU{x},x) —>■ 
(R U {x}, x) such that the automorphism 9\ : tti(R U {x}, x) — > 7i"i(i2 U 
ofiri(RU {x},x) is induced by G. 

Proof. By Propositions ITTTol and WFA 9\ : tt^RU {x},x) -> 7Ti(#U 
{x},a;) is an automorphism of tti(RU {x},x) preserving the periph- 
eral structure V(x) of tti(R U {x},x). By a well-known result about 
automorphisms of fundamental groups of surfaces, it follows that 9\ 
is induced by the restriction G : R — > -R of a homeomorphism G : 
(i? U — >■ (i? U {x},x) of the pointed space (R U (cf. 
|ZVH] . Theorems 3.3.11, 5.7.1, and 5.13.1). □ 

Proposition 12.4. There exists a homeomorphism G : (i?U{x},x) — > 
(i?U{x},x) suc/i i/iai t/ie automorphism 9\ : 7Ti(i2U — > 7r 1 (i?U 
of n\(RU {x},x) is induced by G. 

Proof. By Propositions HOI and 1TT21 0| : 7Ti(i? U {x},x) -»■ 7Ti(flU 
{x},a;) is an automorphism of 7Ti(i?U {a;}, a;) preserving the periph- 
eral structure V(x) of 7Ti(i2 U {x},x). By a well-known result about 
automorphisms of fundamental groups of surfaces, it follows that 9\ 
is induced by the restriction G : R — > R of a homeomorphism G : 
(i? U {x},a;) — > (R U {x},x) of the pointed space (i? U {x},x) (cf. 
[ZVC], Theorems 3.3.11, 5.7.1, and 5.13.1). □ 

Proposition 12.5. Let G : (R U {x},x) — ► (R U {x},x) 6e as in 
Proposition \12.J\ Let G : R R be the restriction of G to R. Let 
G* : PModji(S) — > PModn(S) be the automorphism of PMod R (S) 
defined by the rule G*([H]) = \GoHoG~ 1 ] for each mapping class [H] 
in PModfi(S) . Let <p : PMod^(S) — > PMod R (S) be the composition 
(G*)- 1 o 9 : PMod R (S) -> PMod R (S). Then the restriction of <j> to 
ni(R U {x}, x) is equal to the identity. 



Proof. This is immediate from Propositions II 1 . 21 and fT2~4l □ 
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13. THE MAIN RESULTS 

Theorem 13.1. Let S be a closed connected orientable surface of pos- 
itive genus. Let n be an integer greater than 2. Let R be a sur- 
face obtained from S by removing n distinct points from S. Let \ : 
PMod R (S) — > PMod R (S) be an automorphism of the pure braid group 
PMod R (S) . Then there exists a homeomorphism K : R —>■ R of 
R such that \ '■ PMod R (S) — > PMod R (S) is equal to the automor- 
phism : PMod R (S) — > PMod R (S) which is defined by the rule 
K*([H]) = [K o H o K^ 1 ] for each mapping class [H] in PMod R (S). 

Proof. Let x be a puncture of R on S. As in Proposition II 1.61 we may 
choose a homeomorphism F : R — > R of R such that the composition 
9 of F* and \ restricts to an automorphism 9\ of 7Ti(R U {x},x). By 
Propositions 112 .41 and 112 .31 we may choose a homeomorphism G : R — ► 
R of R such that the composition of and 9 fixes each element 

of TTi(RU{x}, x). It follows, by Proposition lll.3( that <fi : PMod R (S) — > 
PMod R (S) is equal to the identity automorphism id : PMod R (S) — ► 
PMod R (S) of PMod R {S). Hence, 



id = = (G*)- 1 o = (G*)- 1 o (F*) o x 

Hence, x = (F' 1 o G%. Let K = F' 1 o G. Then K : R ^ R 
is a homeomorphism of i? and x — This completes the proof of 
Theorem 113.11 □ 

Our main result for the braid group Mod R (S) will follow from The- 
orem ^3 by using Theorem 2 of [13] and the following proposition. 

Proposition 13.2. Suppose that t : Mod R (S) Mod R (S) is an au- 
tomorphism of Mod R (S) such that r fixes each element of PMod R (S) . 
Then r is the identity automorphism of Mod R (S) . 

Proof. Suppose that x and y are distinct punctures of R on S. Let D 
be an embedded disc on S such that the boundary of D is contained in 
R and x and y are the unique punctures of R on S which are contained 
in the interior of D. Choose a homeomorphism F : R —>■ R which is 
supported on D and interchanges x and y in such a way that f 2 is equal 
to tc, where C is the boundary of D and / is the mapping class of F. 
Since F is supported on D, f is an element of PMod R (S). Following 
common terminology, we shall call / an elementary braid. Recall that 
Mod R (S) is generated by PMod R (S) and elementary braids. Hence, it 
remains only to show that r fixes each elementary braid, /. 



AUTOMORPHISMS OF SURFACE BRAID GROUPS 



19 



Let Ci, 1 < i < n be a sequence of disjoint circles in R such that 
C 2 = C and Cj bounds an embedded disc Di on S such that the interior 
of Di in S contains exactly i punctures of R on S. Note that D 2 = D. 
Let ti = Then ti is an i-string twist braid on P supported on 
and, hence, an element of PMocIr(S). 

Note that f 2 = to — tc 2 = Hence, / commutes with t 2 . Suppose 
that 2 < % < n. Note that P/j_i is contained in the interior of Di. 
Hence, is contained in the complement of the support D of F . It 
follows that / commutes with ti. 

Let 2 < i < n. Then is an element of PMod^{S) and / commutes 
with ti. Hence, r(ti) = ij and t(/) commutes with r(tj). This implies 
that t(/) commutes with £j. It follows that r(f) is the mapping class 
[P] of a homeomorphism P : P — > R such that P(Cj) = Cj for all z with 
2 < i < n. Note that / is the mapping class F of a homeomorphism 
F : R^ R such that F(Ci) = for all i with 2 < i < n. 

Let 1 < i < n, denote the punctures of R on S. We may assume 
that pi = x, P2 = y, and Pi is contained in the interior of Di for 
2 < i < n. We may extend P to a homeomorphism P : S — > 5 of S*. 
Note that P(pi) = p« for all i with 2 < i < n. Hence, either P(x) = x 
or P(x) = y. Suppose that P(x) = x. Then P(y) = y. This implies 
that t(/), the mapping class of P, is an element of PModji(S). Since 
r fixes each element of PMocIr(S), this implies that / is an element 
of PMocIr(S). On the other hand, since / is an elementary braid 
"switching" x and y, f is not an element of PModn(S). This is a 
contradiction. Hence, P(x) = y. This implies that P(y) = x. This 
proves that the actions of / and r(f) on the set of punctures of R on 
S are equal. 

Let g = f~ 1 r(f). Note that g is the mapping class of the homeo- 
morphism G : R -> P, where G = P" 1 o P. Note that G(Ci) = C, 
for all 2 with 2 < i < n. Moreover, G extends to a homeomorphism 
G : S 1 — ► S such that = p, L for all z with 2 < i < n. Hence, g 

is an element of PModn(S) fixing the isotopy classes [Ci], 1 < % < n. 
It follows that g is the composition of a multitwist t on the circles Cj, 
1 < i < n with a mapping class /i supported on the complement K of 
the interior of D n . Note that each of the mapping classes t and h are 
supported on the complement of the interior of D. Hence, g commutes 
with /. Since g = j t(/), it follows that / commutes with r(f). 

We conclude that g 2 = f~ l T{f)f' l T(f) = f~ 2 (r(f)) 2 = t 2 \r(f)) 2 . 
Since f 2 = t 2 (r(/)) 2 = r(/ 2 ) = r(t 2 ) = t 2 . Hence, c/ 2 = id. Since ^ 
is a pure braid, it follows by Theorem 13. 1| that g = id. That is to say, 
r(f) = f- ' □ 
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Theorem 13.3. Let S be a closed connected orientable surface of 
genus greater than 1. Let n be an integer greater than 2. Let R be 
a surface obtained from S by removing n distinct points from S. Let 
X '■ Mod R (S) — > Mod R (S) be an automorphism of the braid group 
Mod R (S) . Then there exists a homeomorphism F : R — > R of R 
such that x '■ Mod R (S) — > Mod R (S) is equal to the automorphism 
F* : Modii(S) — > Mod R (S) which is defined by the rule F#([H]) = 
[F o H o F^ 1 ] for each mapping class [H] in Mod R (S). 

Proof. By Theorem 2 of jl3j, PMod R (S) is a characteristic subgroup 
of Mod R (S). Hence, x '■ Mod R (S) — > Mod R (S) restricts to an au- 
tomorphism x\ '■ PModji(S) — > PModfi(S). By Theorem 113.11 there 
exists a homeomorphism K : R — * R of R such that x\ '■ PModn(S) — ► 
PMod R (S) is equal to K* : PMod R (S) -> PMod R (S). We shall show 
that x : Mod R (S) -> Mod R (S) is equal to if* : Mod R (S) -> Mod R {S). 

Let r : Mod R (S) — > Mod R (S) be the composition -fQoy^ : Mod R (S) — 
Mod R {S). Since xl : PMod R {S) -> PMod R (S) is equal to if* : 
PMod R (S) — ► PMod R (S), r fixes each element of PMod R (S). Hence, 
by Proposition ll3.21 r is the identity automorphism of Mod R (S). That 
is to say, r : Mod R (S) — > Mod R (S) is equal to if* : Mod R (S) — > 
Mod R (S). □ 
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